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l
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l
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l
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l
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Ł
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Ł
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Ł
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l
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l
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l
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l
d3qfwz  .j
l
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l
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l
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l
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l
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l
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l
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l
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l
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l
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l
q
l
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l
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l
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l
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l
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l
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Zbu`,dfehevdTghrUZ]qncuev` 8
;
Ï?Ö<>=@?@A
&   <%8ﬂ ; &$@4  	 +
3* &4 4&8  *= %  ;/ﬁ%  &
 "
 8 8   /;3! ﬂ9 )/;<
∗
! ﬂ9  8 8  dŁ

ŁujuX 
k
dŁ
!
juŁ


rU`_

qsUs

Xjuc

^jUevZ
 (ehdqs  (pXZbd
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Val = num n | ref ref n ∈ Z, ref ∈ Location
Stack = Val∗
LocVar = Var → Val
Array = (length : Z)× ([0, length−1] → Val)
Heap = Location → Array⊥
State = (Ctrl×Heap× Stack× LocVar)
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l
qTZb`£sYg?`
l
`_r3ZqfXbŁt`1w§Z]X dfZ]U`£cPW3Zb`£w#dYsY`,exqnrUjuqn`&Pgvr&Łuq
l
Z]ghw_jUexq
l
UdT
q
lbl
q|WactdjUrus&wU`1w­PX q
l
`,ŁJ`
l
d
l
^:`1sLu`_r¼qfw<w#`<X]XbgvrUaqnr&q
l]l
q|Wf 
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instrAtP(p1, Ipush n, p2)
<p1, h, s, l>→P <p2, h, (num n) :: s, l>
instrAtP(p1, If
X
icmplt p, p2) n1 < n2
<p1, h, (num n2) :: (num n1) :: s, l>→P <p, h, s, l>
instrAtP(p1, If
X
icmplt p, p2) ¬ n1 < n2
<p1, h, (num n2) :: (num n1) :: s, l>→P <p2, h, s, l>
instrAtP(p1, Iload x, p2) l(x) = num n
<p1, h, s, l>→P <p2, h, (num n) :: s, l>
instrAtP(p1, Iaload, p2) h(ref ) = a 0 ≤ i < a.length
<p1, h, (num i) :: (ref ref ) :: s, l>→P <p2, h, (num a[i]) :: s, l>
instrAtP(p1, Iaload, p2) h(ref ) = a ¬ 0 ≤ i < a.length
<p1, h, (num i) :: (ref ref ) :: s, l>→P Error
² ughXsY`_Zb`
l
^aghrU`<X Z]U`Xb`_^Fqnr3Zbgxw_X
JP K
dn
q:Ł
l
d
l
qn^
P
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l
gvWIZ]uqTZ¶q¦Ł
l
d
l
qn^
p
ghX&X]qT`fÂA`°uq|`¶Zbd¸wU`1w­IZ]uqTZ
JpK ⊆ Safep
 +`<w<qnjuXb`8Ł
l
dn³

l
qf^%Xb`_^Fqnr3Z]ghw<Xq
l
`£gvr8f`_ru`
l
qnezjUrtw#df^aŁUjUZ]qncuev`ÂJw_df^aŁUjYZqTZbghdfrtXq
l
`sYdfru`gvr¢qnr¶qnctX[Z
l
qw§Z+d
l
ehs'Â
d
l
`#ZbZbghrU¶Ł
l
dfŁJ`
l
Zbgh`<X)ZbuqnZ:q
l
`rUdnZ:rU`_`1sY`<s d
l
Z]U`f`
l
gv¥tw_qnZbghdfrz  `_rtw#`qfr¦qnctX[Z
l
qw§ZsYd^Fqnghr(
State],v],t],u],⊥State]
)
gªZ]qehqnZZ]ghw_`,XZ
l
juw#Zbj
l
`gxX ghrZ
l
dYsYjtw#`<szÂ
v]
^adYsY`_ehevghrUZbU`
l
`_exqTZ]gv`
Ł
l
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State]
 

r¼ZbU`aw#druw
l
`#Z]`+d
l
ehs'ÂJŁ
l
dfŁJ`
l
Z[WŁ
l
`1w#gxXghdfr¼gxXp^adYsY`<eveh`<s¼gvZb
qaŁtq
l
Zbgxqne'd
l
sY`
l
v
±gvr¼dj
l
w#dr3Zb`#µPZ1ÂUZbu`)XjucuX`_ZŁuq
l
Zbgxqne!d
l
sY`
l
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l
`#Zb`
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qncuXZ
l
qfw#Z +d
l
exsLq
l
`£sYdfru`cPWLqaw_dfruw
l
`_Zbgﬁﬀ<qTZ]gvdrLjuruw§Z]gvdr
γ :
(
State],v],t],u],
)
→ (State,v,t,u)
(pr¢qfcuX[Z
l
qw§ZpdcYm[`<w#Z
s] ∈ State]
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`_Zb`dcYm[`<w#Z
s ∈ State
gª
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s v γ(s])
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l
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l
`_Zb`
l
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WU`
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`1ijug
l
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γ(s]1 u
] s
]
2) = γ(s
]
1) u γ(s
]
2) 
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w_`
l
Zbgv¥u`<s8X[ZqTZbgxw)qfruqnehWYXgxXŁ
l
dnm[`1w§Z1Ât+`)uq|`)sY`<f`_ehdfŁJ`<s¼qLf`<rU`
l
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l
Â3A`,gheve'gv``_µYqf^aŁUev`1X+dnq
eh`<X]XXZ]qnrtsUq
l
sLqfcuX[Z
l
qw§Z %
3 !  ﬂﬃﬁ /9 ;89  ; &$ &@ﬂ ﬁ £ct`<evdT£ 
"
$#$ﬁ&%')('*,+--3'/64$N1
-3435&'-'F 8 :$$;1
-3435&'-'.ﬂ8 
→

→
4+=1
-3435&'-' /ﬃ$4'7-% 8
∀ 
8  D 

1
-3435&'-' /ﬃ	,*A5 8
∀ 
* 8  D 

*
→
G*

1
1'1'1
-3435&'-' /ﬃ$#4- 8
∀ 
* 8  D-

*
¬


* 1
-3435&'-' $4#4'ﬂ8 
→

→
4+ 1
-3435&'-'<'#4'-ﬃ'4'7-% 8
∀ 
* 8  D 

*
→
$#4'

* 1
-3435&'-'<'#4'-ﬃ3
M
/6$*A5 8)1'1'1
-3435&'-'<'#4'-ﬃ'43
M
 8 1'1'1
-3435&'-'<'#4'-ﬃ'#4- 8 1'1'1
-3435&'-''6
M
8 
→

→
 1
-3435&'-'ﬀ446
M
ﬃ
@
Aﬁ
M
#ﬁ 8
∀ 
* 8  D $#4'
H
'6
M

* I 1
-3435&'-'ﬀ446
M
ﬃ
@
Aﬁ
M
#ﬃﬂ 8
∀ 
* 8  D $#4'G*
H
'6
M

* I 1
-3435&'-'ﬀ--6
M
ﬃ4%443$/ﬃ$ﬁ4+-+00ﬃ
@
,ﬁ
M
# 8
∀ 
*  8  D
'#4'


→
$4#4' *
→
$4#4'
H
'6
M

* I! 1
-3435&'-' 50'$ 8 
→

→
 1
1'1'1
-3435&'-'
@
'-5 8  1
-3435&'-'
@
$-5 ﬃ46'ﬃ%43ﬃ' 8
∀ 
8  D'#4'
@
$/5

1
L$M
#"/3'/6';1
 "4  #' 
 $,%  %& 	% '&	 ﬃ  #(& 
  	
²d¦sY`<^adfruXZ
l
qTZ]`¶dfj
lLk
 
l
qf^a`_+d
l
­JÂ +`8sY`<f`_ehdfŁ·qfr gvr3Z]`
l
|qfeqfruqnehWYXgxXad
l
ZbU`¢cPWZ]`8w#dYsY`
Ł
l
`1X`<rZ]`<s8gvr¨VP`1w§Zbghdfr U F² U`FXZ
l
`_rUfZb°dnAZbU`«qfruqnehWYXgxXghX£w_df^aŁuq
l
qncuev`Zbd¼qnr°`#µYgxX[Z]gvrughr3Zb`
l
Tqne
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qfruqnehWYX`1Xd
l
UghfY³´ev`<f`<e
XZ
l
juw#Zbj
l
`<s8ehqfrUfjuqff`1X ×{'´  pdTA`<f`
l
Â?Z]ddcYZ]qfgvr8ZbU`«X]qn^a`:Ł
l
`<w#gxXbgvdr¢qTZ
Z]U`c3W3Z]`w#dYsY`eh`_f`<e6Â3gvZ+uqXNZ]dcJ``_rUuqfruw#`1sFgvZb&qnrLqfcuX[Z
l
qw§ZAsUdf^FqnghrLdf:<ﬃﬁ 69:';49  ;2& $ &$@<   § 
¡°`¥
l
XZ+sY`1Xbw
l
ghcJ`ZbUgxXArUdTf`<eu­PgvrtsFdn!qfcuX[Z
l
qw§ZsYd^Fqnghr &UVP`<w#ZbghdfrU vy`_µYŁUehqfgvrtXNghrLsY`#ZqnghehXUdT¸ZbughX
sUdf^FqnghrgxX juXb`<sZbdaŁ
l
`<w_ghXb`_ehW«^adYsY`_ezZbU`£` J`1w§Z]X df
w_dfrusUgªZ]gvdruqnexX_ 

r3Zb`
l
Tqfe
qfruqnehWYXgxXjuXb`<XZbU`FXb`#Z
Intvl
dnAghr3Zb`
l
TqnexXdTf`
l
Z = Z ∪ {−∞,∞}
Z]d¼qnŁUŁ
l
d|µYgv^FqnZb`
rPjU^a`
l
gxw£i3juqnr3ZbgvZbgh`<X< 

r¼dj
l
w_qX`ÂUghrZ]`_`
l
X |qfevju`<Xqfrus¼q
l]l
q|W«Xbgﬁﬀ_`<Xpq
l
`,qfcuXZ
l
qfw§Z]`<scPWLghr3Zb`
l
TqnexX_ 
² u`,qfcuXZ
l
qfw§ZsYd^FqnghruX+d
l
Z]U`qnruqfevWYXbghX q
l
`,sY`#¥trU`<sghrghfj
l
`£U 
Intvl =
{
[a, b] | a ∈ Z, b ∈ Z, a ≤ b
}
Num] = Ref] = Intvl⊥
Val] =
(
Num] + Ref]
)>
⊥
Exp[Val]] = const n | var x | absval v] | neg e
| binop op e1 e2
Stack] = (Exp∗)
>
⊥
LocVar] = Var → Val]
State] = Ctrl →
(
Stack] × LocVar]
)
ghfj
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l
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qfw#ZsYdf^Fqfgvr
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`_µYŁ
l
`1XbXbghdfruXdT`
l
ZbU`cuqfXb`qfcuX[Z
l
qw§ZsUdf^Fqnghr
Val]
dfAqncuXZ
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qfw#ZpTqnehjU`<X<  (pr8`_µYqf^aŁUev`dnXbjuw8qfr
qfcuXZ
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binop + (var j) (const 42))
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`<ruqncuev`1X+ZbU`qfruqnehWYXgxXAZbd
l
`1w#druX[Z
l
jtw§Z ZbUgxXghrYd
l
^FqTZ]gvdrz 
² U`Fd
l
sU`
l
gv^aŁJdXb`<s°dfr
Exp

Val]
gxX,Z]U`Fd
l
sY`
l
dfAZ]U`FjUrusY`
l
ehWPgvruexqTZbZbgxw#`F`_µ3Z]`_rusU`<s¢Zbd&`#µP³
Ł
l
`1XbXbgvdruXNcPW«XZbghŁUjUexqTZ]gvrUZbtqTZ+Z[Ad:`#µYŁ
l
`<X]XghdfrtXq
l
`pghr«Z]U`,d
l
sY`
lAl
`<ehqnZbghdfr«gv!Z]U`_WFtq|f`Z]U`£Xbqf^a`
Z]`
l
^XZ
l
juw§Z]j
l
` qnrts)gv?qfcuXZ
l
qfw§Z
TqnehjU`<X/qnZNqpgv`_r:ŁUehqw#`+gvr:Z]U`+Zb`
l
^q
l
`
l
`<ehqnZb`1s' 
 ¶d
l
`AŁ
l
`<w_ghXb`_ehWfÂ
;
Ï?Ö<>=@?@A
y|   <%8ﬂ ; &$@4  	 +
3* &4 4&8  *= %  ;/ﬁ%  &
Z]U`£d
l
sY`
l
vExp
dn/XWPr3Z]qw§Z]ghw`#µYŁ
l
`<X]XbgvdruX+ghX ghrusYjuw#Zbghf`<evWsY`#¥uru`<scPWFZbU`,devehdTghrU
l
jUeh`<Xﬃ8
n = m
(const n) vExp (const m)
x = y
(var x) vExp (var y)
v
]
1 vVar] v
]
2
(absval v]1) vExp (absval v
]
2)
e1 vExp e2
(neg e1) vExp (neg e2)
op1 = op2 e1 vExp e2 e3 vExp e4
(binop op1 e1 e3) vExp (binop op2 e2 e4)
² U`w_dfruw
l
`_Zbgﬁﬀ<qTZ]gvdr£jUruw#Zbghdfrd
l
Exp

Val]
Ufghf`1X!^a`1qnrUghrUZbd£XWPr3Z]qw§Z]ghw`#µYŁ
l
`<X]XghdfruXcPW£^FqnŁY³
ŁugvrU&Z]U`_^ Z]d¶X`_Z]Xdf+TqfevjU`1Xghr ZbU`w#dfrtw
l
`#Zb`FsYd^Fqnghr
Val
 

Z)gxXsY`_¥urU`<s¨gvr°Zb`
l
^FX)dn ZbU`«ZbU`
w_dfruw
l
`_Zbgﬁﬀ<qnZbghdfrjUruw#Zbghdfr
γVal
d
l
Z]U`cuqX`)|qfevju`)sYdf^Fqfgvrz 7uj
l
ZbU`
l
^ad
l
`fÂJXghruw_`£ZbU``#µYŁ
l
`<X]XghdfrtX
^Fq|WFw#dr3Z]qnghrLŁ
l
d
l
qn^|q
l
gxqncuev`1X_ÂZbU`£w_dfruw
l
`_Zbgﬁﬀ<qTZ]gvdrFjUruw#ZbghdfrghX+Łuq
l
qf^a`#Zb`
l
gxXb`<sacPW«qnr`_rPPg
l
dfrU³
^a`<rZ
l ∈ LocVar
^FqfŁUŁUghrUaevdYw_qfe'Tq
l
ghqfcUev`1X+ZbdFw#druw
l
`#Z]`,|qfevju`<X< 
γl : Exp[V al]] → ℘ (Val) with l ∈ LocVar
γlExp (const m) = { (num m) }
γlExp (var x) = { l(x) }
γlExp
(
absval v]
)
= γVal(v
])
γlExp (neg e) =
{
(num (−n)) | (num n) ∈ γlExp(e)
}
γlExp (+ e1 e2) ={
(num (n1 + n2))
∣∣∣∣ (num n1) ∈ γ
l
Exp(e1)
(num n2) ∈ γ
l
Exp(e2)
}
· · ·
gvj
l
`,~ 8¸Adfrtw
l
`#Zbgﬁﬀ<qnZbghdfrLjUruw§Z]gvdr&d
l
Exp[V al]]
ghfj
l
`aŁ
l
dTPghsU`<Xqnr8`_µUqn^aŁUeh`dfZbu`:Ł
l
`1w#gxXghdfr8XbddfcYZqnghrU`<s' :² U`:¥ufj
l
`:w#dfr3ZqnghruX,q 03q|Tq
w_dYsY`XbrUghŁUŁt`_Zqnrus¼gvZ]X,w_df^aŁUghev`1s¶f`
l
Xbghdfr¼ghr8cPW3Zb`aw#dYsY`fÂ'qfrUrUdnZqTZ]`<s¶gvZb°qnr¶ghr3Zb`
l
Tqne/w_`
l
Zbgv¥tw_qnZb`f 
+`_d
l
``_µP`1w#jYZ]gvruaZbU`£ghruXZ
l
juw§Z]gvdr
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Z]U`£X[Zqfw­«w_dfr3Z]qfgvruXAZ]U`qncuXZ
l
qfw#ZA`<ev`<^:`<r3Z]X
(binop + (var j) (var i))
qnrus
(const 3)
 NVPghruw#`
i
gxX
Z]U`,XghrUfeh`#Z]dfr«ghr3Zb`
l
Tqne
	 Z]U`qfruqnehWYXgxXw<qnrLsU`<sYjuw_`pZ]uqTZ qTZ+ZbU`dfehehdTgvrU)gvruXZ
l
juw#ZbghdfrzÂ
 FghX rU`1w#`1XbX]q
l
gvehWFcUghf`
l
Zbtqnrd
l
`<i3juqfe?Zbd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VPdfj
l
w_``_µYqf^aŁUev`
6
M
 6 E ﬁ  
6
M
" E
M
+ﬁ-;143#-ﬃ46
M

H
I
67
H
	-6	
/I1$1 
(pruqnehWYX`1sLcPW3Zb`w_dPsU``
l
Xghdfr
1'1'1


7→

,;D K$ 6
7→

ﬁ  ND ﬁ  



86'%4'3'# 


7→

,;D K$ 6
7→

ﬁ  ND ﬁ  

(varj)

ﬀ
86'%4'3'# 6


7→

,;D K$ 6
7→

ﬁ  ND ﬁ  

(var j)
8$8
(var i)

ﬁ
8 6,3$#'#


7→

,;D K$ 6
7→

ﬁ  ND ﬁ  

(binop + (var j) (var i))

ﬁﬂ  86+4ﬁ 	



7→

,;D K$ 6
7→

ﬁ  ND ﬁ  

(binop + (var j) (var i))
8$8
(const 3)

ﬁﬁ 86,7/ﬃ46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

7→

ﬁ
  D  $ 6
7→
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ghfj
l
` 8 (pruqnehWYXgxX `#µUqf^:Łuev`
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² U` w#dfrtX[Z
l
juw#Zbghf`AŁ
l
dPdf±XdftXZ]qnrtsUq
l
sexqTZbZbgxw#` X[Z
l
juw#Zbj
l
`<X ±Ł
l
dYsYjtw§Z<ÂnjUruw§Z]gvdr:XbŁuqw#`fÂ
ehgv¹ZbghrU3!q
l
`Nfghf`<r£gvrÓn*Q 
² U`AqfcuXZ
l
qfw§Z!sUdf^FqnghrdnuXbWPr3Z]qfw#Zbgxw/`#µYŁ
l
`<X]XbgvdruX'gxX!qexqTZbZbgxw#`AdfcYZqnghrU`<s,cPW
`_µPZb`_rtsYgvru)Z]U`m[dgvrqnrusL^a`_`#Z dfŁJ`
l
qTZ]gvdruXAUdf^adf^ad
l
ŁUughw<qnehevW:dTf`
l
Zb`
l
^FX< /² U`^FqwUgvru`#³ØwU`<w­`<s
Ł
l
dPdnghXq|TqfgvexqncUeh`dfrY³´evghrU`hy *
² U`:^Fqnghr
l
`<XbjUevZehgvrU­PghrUZbU`aqncuXZ
l
qfw#ZXZ]qTZ]`)Z]d«Z]U`dŁt`
l
qnZbghdfruqfeXb`_^FqfrZ]ghw<XpXZ]qnZb`<XZ]uqTZZbU`
w_dfruw
l
`_Zbgﬁﬀ<qnZbghdfr®jUrtw§ZbghdfrId
l
qfcuX[Z
l
qw§ZFX[ZqTZ]`<X:ghXaq°^a`_`_Z³´^:d
l
ŁuUghXb^ dnehqnZZbgxw#`1X_ ©² UgxX
l
`1XjUevZaghX
ru`_`<sU`<sd
l
ZbU`:w#d
l]l
`<w§Z]rU`<X]X Ł
l
dPdn
dn
ZbU`qncuXZ
l
qfw#Zgvr3Zb`
l
Ł
l
`_Z]qTZ]gvdr¼sY`#¥uru`<s&ghr&ZbU`)dfehevdTghrU«Xb`<w§³
Z]gvdrz Noz`_Z
Mem = Stack×Heap× LocVar
Mem] = Stack] × LocVar]
qfrus¦XbjUŁUŁJdXb`Lgv`_r¦w_dfruw
l
`_Zbgﬁﬀ<qnZbghdfr®jUrtw§ZbghdfrtX)d
l
qfcuXZ
l
qfw§Z:TqnehjU`<X:qnrus¦`_rPPg
l
dfru^:`<r3Z]XdnpehdYw_qne
Tq
l
gxqncUeh`<X<Â
γVal ∈ V al
] → ℘(Val),
γLocVar ∈ LocVar
] → ℘(Heap× LocVar)
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
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
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γMem ∈ Mem
] → ℘(Mem)
  %&ﬀ &<% 78ﬃ
γMem(e1 :: · · · :: en, l
]) ={
(v1 :: · · · :: vn, h, l)
∣∣∣∣ v1 ∈ γ
l
Exp(e1), . . . , vn ∈ γ
l
Exp(en)
(h, l) ∈ γLocVar(l
])
}
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γMem ∈ Mem
] → ℘(Mem)
  	
3&<&89 
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γVal ∈ V al
] → ℘(Val)
ﬁ %
γLocVar ∈ LocVar
] → ℘(Heap×
LocVar)
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² u`°qfcuX[Z
l
qw§Z&sYdf^FqnghruXsY`#¥trU`<sSgvr ZbU`°Ł
l
`_PghdfjuXX`1w§Z]gvdr·d
l
^ ZbU` cuqXgxXdfr ughwSA`°rUdT
w_dfruXZ
l
juw#Zw#d
lbl
`<w#ZbrU`1XbX£Ł
l
dPdn±X)dnŁ
l
dPdn¹³ØwU`<w­`
l
X_ &² U`1X`Ł
l
dPdfwu`<w­f`
l
XgveheAcJ`sU`_f`<evdŁt`1s®ghr
qw#druXZ
l
juw§Z]gv`^FqnrurU`
l
juXbgvruLZ]U`FqncuXZ
l
qfw#ZghrZ]`
l
Ł
l
`#Z]qnZbghdfr¢^:`_ZbUdYsYdevdfW )² U`a`_rus
l
`1XjueªZ£gxXq
Ł
l
dPdn exqn^cJsUq3Zb`
l
^¤Z]uqTZpw<qnrct`Xb`_r3ZqfXqaw_`
l
Zbgv¥tw_qnZb`,gªZ]¼qaŁ
l
dŁtd3X`1s«Ł
l
dPdn
wU`<w­`
l
 
² U`LZbU`<d
l
W¢dfpqncuXZ
l
qfw#Zgvr3Z]`
l
Ł
l
`_Z]qnZbghdfr  &+`_µYŁUehqfgvrtXUdT¤q¶w_d
l]l
`1w§Z)qfŁUŁ
l
d|µPgh^FqTZ]gvdr°dfZbU`
Xb`_^FqfrZ]ghw<X
JpK
df+qŁ
l
df
l
qn^
p
w_qfr8cJ`Fw#df^aŁUjUZb`<s¢juXbgvru&qfr¢qfcuX[Z
l
qw§ZjUruw#Zbghdfr
F ] ∈ State] →
State]
 N² u`_d
l
`_^Y hy
l
`<w<qnehehX+Z]U`w#exqfX]Xgxww#d
l]l
`<w§Z]rU`<X]X w
l
gªZ]`
l
gvdr«d
l
F ]
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F ] ∈ State] → State]
ﬀ 
F ]
8ﬁ9    &$
∀s] ∈ State], S0 ⊆ γ(F
](s]))
6f
∀s] ∈ State], ∀s1, s2 ∈ State,
s1 →p s2 ∧ s1 ∈ γ(s
]) ⇒ s2 ∈ γ(F
](s]))
±
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∀s] ∈ State], F ](s]) v] s] ⇒ JpK v γ(s])
p`_ruw_`qfeve ŁJdXZ³Q¥UµYŁtdgvr3Z]Xdn
F ]
q
l
`w_d
l]l
`1w§ZqfŁUŁ
l
d|µYgv^FqTZ]gvdruXdf
JpK
 ¦² ughX:gxXqfr¦`<X]Xb`_r3Zbgxqne
Ł
l
dŁt`
l
Z[Wad
lk
 8PZbd«wU`1w­aZbuqnZpqnr&qncuXZ
l
qfw#Z+`<ev`<^a`_r3Z
s]
gxXqaw#d
l]l
`<w§Z qnŁUŁ
l
d|µYgh^aqnZbghdfrdn
JpK
gxX
gvZpXbj «w#gh`_r3Z Zbd«wU`1w­FgªZgxXq:Łtd3X[Zb³6¥uµPŁJdfghr3Zdn
F ]
 

rZbu`devehdTghrUuÂP+`,XbŁJ`<w#gxqnehgxX`ZbughX+Z]U`_d
l
WFZ]daehqfrUfjuqff`1XU`
l
`Z]U`£X`<^aqfr3Zbgxw_XsYd^aqfgvrghXq
Xb`#Zdf
l
`<qwuqncUeh`,X[ZqTZb`1X_ÂY^FqsY`,dn
Łuqng
l
X w_dfr3Z
l
dfe'ŁJdfghr3Zqfrus^a`_^ad
l
W 8
State = Ctrl×Mem.
(pr¦qnctX[Z
l
qw§Z)ghr3Zb`
l
Ł
l
`#Z]`
l
w_df^aŁUjYZ]`<X)^:`<^ad
l
W¢ghrP|q
l
gxqnr3ZX)qTZ`<qfw¨w_dfr3Z
l
dfeAŁtdgvr3Z:dnpq¼Ł
l
df
l
qf^& 
(pr qncuXZ
l
qfw#ZFsUdf^Fqnghr
Mem]
gvZb q ehqnZZ]ghw_`¶X[Z
l
juw#Zbj
l
`¼gxX«sY`#¥trU`<s¸qnrts¦Z]U`¶^a`_^ad
l
W¨Ł
l
dŁt`
l
Z[W
l
`_Ł
l
`1X`<rZ]`<s8c3W¢qnr¢qfcuXZ
l
qfw§Z£^a`_^ad
l
W
m]
gxX,fghf`<r¢cPW¶q&w#druw
l
`#Z]g ﬀ1qTZ]gvdr¶jUruw#Zbghdfr
γ : Mem] →
℘(Mem)
  Ud
l
q¦Ł
l
d
l
qn^ gªZ]
n
w_dfr3Z
l
dfeŁtdgvr3ZX«Z]U`
l
`<XbjUevZdfZbU` qnrtqnehWPXbgxX«gxXqfr rY³QZbjUŁuev`
(m]1, . . . , m
]
n)
ughwghXpXŁJ`<w_gª¥u`1sqXqFXdevjUZbghdfrdnqfrghrU`1ijtqTZbghdfr&XbWPXZb`<^ ±gªZ]
q
w#druX[Z
l
qfgvr3ZX]# 
m
]
1 w f1(m
]
1, . . . , m
]
n)
. . .
m]n w fn(m
]
1, . . . , m
]
n)
~3
² u`NŁ
l
`_PgvdjuX
F ]
juruw§Z]gvdr£ghXU`_rtw#`Xb`_`<rqfXzq juruw§Z]gvdrdn
Mem]
n
→ Mem]
n Ud3X`/ŁJdXZ³Q¥UµYŁJdfghrZ
q
l
`,w#d
lbl
`<w#Z qfŁUŁ
l
d|µYgv^FqTZ]gvdruX+dn
JpK
 
(f`
l
WLqnZZ
l
qfw#Zbghf`,`1qTZbj
l
`£dfZ]U`
k
 qfŁUŁ
l
dqwgxXZ]uqTZZ]U`Ł
l
dYsYjuw_`
l
gxXgv`_rZbU`)uq
l
sY`
l
ZqfXb­)df'Xb`<q
l
wugvrUd
l
q£Ł
l
dPdn?Ugveh`Z]U`pw#druXbjU^a`
l
gxXNeh`#¹ZgvZbaZ]U`Xbgh^:Łuev`
l
Z]qX­dnzwU`<w­PghrU,ZbughX
Ł
l
dPdn[ drU`#Z]U`_eh`<X]X_Â|Z]U` Xjuw<w#`1XbXdn
k
 sY`_ŁJ`_rtsUXdfr)udT®`<qfXbW,gªZ
gxX!Z]dqfjYZbd^FqTZb`ZbU` `_rU`
l
qnZbghdfr
dfŁ
l
dPdf±X_ 

r®f`<rU`
l
qneQÂzZ]UghXŁ
l
dYw#`<X]X,gxXf`
l
W°sYg Fw_jUevZ< ¶² U`Lw_dfruXZ
l
qnghr3Z]X,gh^aŁtd3X`1s c3W XZ]qnrtsUq
l
s
k
 
l
qn^a`_+d
l
­YX^aqf­f`+Zbu`XgvZbjuqnZbghdfr:`_`_r:Ad
l
Xb`f 

rusY`_`1s'ÂfcJ`<w<qnjuXb`
k

l
`1i3jUg
l
` q,Ł
l
dPdfuZb`
l
^&Â
Z]UgxX£ehq
l
`_ehW&d
l
cUgxsUX,Zbu`«sYg
l
`<w#Z
l
`<juXb`:df+d t³QZbu`#³ØXU`<eª Ł
l
dTf`
l
X:d
l
sY`<w_ghXbghdfr°Ł
l
dYw_`<sYj
l
`<XUgxw
WPgh`_exsLqWf`1X TrUdqfruX+`
l
  (Xq
l
`<XbjUevZ<ÂYq
k
¸Xb`<w#j
l
gvZ[WFŁtdevgxw#WFdf¹Zb`<r
l
`<i3jUg
l
`1X`<gªZ]U`
l
Zbd:uqfrusUw
l
qT¹Z
qaXbŁt`1w#gxqnehghXb`<sŁ
l
dTf`
l
d
l
ZbdaŁuqTZw¼q`_rU`
l
qfe?Ł
l
dT`
l
ZbdF`_rU`
l
qnZb`,q:w_dfrPf`<rUgh`_r3ZŁ
l
dPdf!Zb`
l
^& 

rdfj
l
w#dfr3Z]`#µPZ<ÂZbU`
l
``#µYgxX[ZXAq)f`_ru`
l
ghwd t³QZbu`#³ØXU`<eªzŁ
l
dT`
l
Z]uqTZ+¥UZ]XAdfj
l
sY`<^FqnrusUXﬃ8
qncuXZ
l
qfw#Z
ghr3Zb`
l
Ł
l
`#ZqTZ]gvdr¦w#d^:`1XaqnehdfrU°q¶f`<rU`
l
gxwLgh^aŁUev`<^a`_r3Z]qnZbghdfr¨Z]`<wUrughi3jU` rtqn^a`_ehW ;/ 9  ; $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!9 &8ﬁ9  ﬁ t ( XbdfjUrus«Łtd3X[Zb³6¥UµYŁJdfghr3Z
(m]1, . . . , m
]
n)
ghXAgªZ]`
l
qTZ]gv`_ehW:w_df^aŁUjYZ]`<s«cPWFXbjuw_w_`<X]Xghf`pqfŁUŁ
l
d|µP³
gh^FqTZ]gvdruX:jUr3Zbghe+gvZF`_`_r3ZbjuqfevehW f`
l
gv¥u`<X:qnehe+ZbU`¼w_dfruXZ
l
qnghr3Z]X~3)gh^:ŁJdXb`<sIcPW ZbU`&qnrtqnehWPXbgxX_ ¨² U`
­PrUdTeh`<sUf`£dnXbjuw8qLŁtd3X[Zb³6¥uµPŁJdfghr3ZpgxXqw
l
juw#gxqneX[Z]`_Ł¼Z]dT+q
l
sZbu``_rU`
l
qnZbghdfr&dnw_`
l
Zbgv¥tw_qnZb`<Xd
l
dj
l
% +=;wU`1w­f`
l
X< 
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l
cPW3Zb`£w_dPsU`ghr3Zb`
l
TqnezqfruqnehWYXgxX+ghXsU`#¥urU`1sLcPWLqaXb`#Zdn
f`<rU`
l
qTZ]gvdr
l
jUev`1X+ZbuqnZ d
l
`<qwLghruXZ
l
juw§³
Z]gvdr¼f`<rU`
l
qTZ]`q«w#druX[Z
l
qfgvr3Zdfr&Z]U`Xb`#ZdnNqncuXZ
l
qfw#ZpX[ZqTZ]`<XcJ`#Z[+`_`<r&ZbU`Xdj
l
w_`qnrus¼sU`<XZbghruqTZ]gvdr
df ZbU`«ghruXZ
l
juw§Z]gvdrz &² U`<Xb`«w#druX[Z
l
qfgvr3ZX,Z]qf­f`FghrZ]d¶qfw<w#dfjurZ£Z]U`LqfcuX[Z
l
qw§Z)sYd^FqnghruX£dnXbWPrZqfw#Zbgxw
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`_µYŁ
l
`1XbXbghdfruXsY`<X]w
l
ghct`1s8ghr VY`<w§Z]gvdr¢~t  Y FVYdf^a`adnZ]U`<Xb`Fw#druX[Z
l
qfgvr3ZXq
l
`:Ł
l
`<Xb`_r3Zb`1s¶ghr6ghfj
l
`a}U 
ud
l
`_µYqf^aŁUev`ÂYŁUjuXbUghrU:ZbU`w_dfruXZ]qfrZ
n
dfrZbU`XZ]qw­Ff`<rU`
l
qTZ]`<XAZbU`w_dfruXZ
l
qnghr3Z
m]p2 w
(
(const n) :: s]p1 , l
]
p1
)
VYgv^aghehq
l
ehWfÂZbU`¶w_dfruXZ
l
qnghr3Z]X:^adPsU`_ehevghrU°Zb`1X[Zb³´qfrusP³hm[jU^aŁ©ghruXZ
l
juw§Z]gvdruXa^)jtX[ZFcJ`¶qncUeh`Zbd®w#d^:Łtq
l
`
`<ev`<^a`_r3Z]X,Z]uqTZ:w#dfr3Zqnghr XbWPr3Z]qfw#Zbgxw:`#µYŁ
l
`<X]XghdfruX< «¡°`«juXb`«U`
l
`aZ]U`«rUdfZbghdfr dn27<;@2
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l
`1X[Z
l
gxw§Z/Z]U`psY`1X[Z]gvrtqTZbghdfrFXZ]qnZb`dftZ]U`/m[jU^aŁLqw_w#d
l
sUgvrUZ]d£ZbU`
ghrYd
l
^FqTZ]gvdr dfcYZqnghrU`<s°cPW¶Z]U`FZb`1X[Z1 ¡ u`_r¨q&fjtq
l
s8df+Z]U`Fd
l
^
e1 c e2
ghX£`
l
gª¥t`<s¸gvZb
c
q
w_df^aŁuq
l
gxXdr¶dfŁJ`
l
qTZ]d
l
qnrus
e1
qfrus
e2
Xbdf^a``_µYŁ
l
`1XbXbghdfrt#ÂtZ]U`Fw#j
l]l
`_r3Z,qfcuXZ
l
qfw§Z,`_rPPg
l
drU^a`_r3Z
l]
gxX
l
`#¥uru`<s&cPW
Je1 c e2Ktest(l
])
 ² U`dfŁJ`
l
qTZ]d
l
J·K]test ∈ LocVar
] → LocVar]
dT`
l
³´qfŁUŁ
l
d|µPgh^FqTZ]`<X
Z]U`,X`_Z+df!`_rPPg
l
dfru^:`<r3Z]X
(l, h)
UgxwFjUev¥uehX+Z]U`fjuq
l
s
e1 c e2
 

rLZbU`£w<qfXb`pdn!ZbU``_rPPg
l
dfru^:`<r3Z
qfcuXZ
l
qfw§Z]gvdrwUd3X`<rghrZbUgxXqnrtqnehWPXbgxX_ÂPgvZghXsU`#¥urU`1sc3W
Je1 c e2Ktest(l
]) = Je1K↓
]
expr (v
]
1)(l
]) u] Je2K↓
]
expr (v
]
2)(l
])
with (v]1, v
]
2) = JcK↓
]
comp
(
Je1K↑
]
expr (l
]), Je2K↑
]
expr (l
])
)
² UgxXgh^aŁUev`<^a`_r3Z]qnZbghdfrghXctqfXb`<sdfr&X`<f`
l
qne?dŁt`
l
qnZbd
l
Xﬃ8
• JeK↑]expr (l
]) ∈ Val]
`_TqnehjuqTZ]`<Xqfr`_µPŁ
l
`1XbXbgvdrLghr¼qgv`_r&qncuXZ
l
qfw#Z+`<rP3g
l
dfrU^a`_r3Z
l]
 
• JcK↓]comp∈
(
Val] ×Val]
)
→
(
Val] ×Val]
)
l
`_¥urU`1XZ]U`qfcuX[Z
l
qw§ZpTqfevjU`1Xpughw¶`
l
gª¥t`<Xpq
fghf`<rw_dfrusYgvZbghdfr
c
 
• JeK↓]expr (v
])(l]) ∈ LocVar]
l
`#¥urU`1Xqfr¦qnctX[Z
l
qw§Z)`<r3Pg
l
drU^a`_r3Z]X
l]
udXb`L`_TqfevjuqnZbghdfr¨df
`#µYŁ
l
`<X]Xghdfr
e
gv`<X qnr&qncuXZ
l
qfw#Z|qfevju`
v]
 

r)ZbU`+`#µUqn^aŁUeh`df gvj
l
`+PÂTZ]U` qncuXZ
l
qfw#Z!`_rPPg
l
dfru^:`<r3Z
l
]
11
gxX!`1i3juqneZbd
{j 7→ [−∞, +∞]; i 7→
[100, 100]}
 ² U`FghrU`1ijtqTZbghdfr¢f`<rU`
l
qTZ]`<s¶cPW¼Z]U`«qnrtqnehWPXbgxXpd
l
ZbU`FghruXZ
l
juw§Z]gvdr 6
7ﬃ 6 5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l
`_³
i3jUg
l
`<X+Zbu`£`_TqnehjuqTZ]gvdrLdf
J(binop + (var j) (var i)) > (const 3)K]test(l
]
11)
+WsY`#¥urugªZ]gvdrdf
J·K]test
Â<Z[Ad`_µPŁ
l
`1XbXbgvdruX?XudfjUexsZbU`<r£ct`N`<TqnehjuqTZ]`<sgvr
l
]
11
8
J(binop + (var j) (var i))K↑]expr
(l]11) = [−∞, +∞]
qfrus
J(const 3)K↑]expr (l
]
11) = [3, 3]
 ² U`ctqfw­P+q
l
sqnruqfevWYXbghX
dftZ]U`w#drusYgvZbghdfr
>
ghX£qfcUeh`Z]d
l
`_¥urU`:ZbU`:¥
l
XZ,ghr3Zb`
l
Tqne8
J>K↓]comp ([−∞, +∞], [3, 3]) = ([4, +∞], [3, 3])
 F² U`_r
Z]UgxX
l
`#¥urU`<^a`_r3ZgxXŁ
l
dfŁtqnqnZb`1sdr
l
]
11
gªZ]¼ZbU`cuqfw­P q
l
sqfruqnehWYXgxXdfN`#µYŁ
l
`<X]XghdfruXﬃ8
J(binop +
(var j) (var i))K↓]expr ([4, +∞])(l
]
11) = {j 7→ [−96, +∞]; i 7→ [100, 100]}
 ¶² U`Lghr3Zb`
l
`1X[Z]`<s
l
`<qsY`
l
XbUdfjuehsw#druXjueªZ4×{ﬃzd
l
^:d
l
`£sY`_Z]qfgvexXqncJdfjYZ Z]UghXZb`<wurUghi3jU` 

rYd
l
^FqfevehWfÂJZbu`:w_d
l]l
`1w§Zbru`<X]XdnNZ]U`aw#dfrtX[Z
l
qfgvr3Zp`_rU`
l
qnZbghdfr¼^a`<qfruXZ]uqTZ,gvAqnr8qfcuXZ
l
qfw§ZX[ZqTZb`
X]qTZ]ghX¥u`1XAqfevetZbU`,w#druXZ
l
qnghrZXN`_rU`
l
qnZb`<s«c3WFq)Ł
l
d
l
qn^ ZbU`<rLgvZ]X w#druw
l
`#Z]g ﬀ1qTZ]gvdrF^)juXZ+cJ`,qnr«dT`
l
³
qfŁUŁ
l
d|µYgv^FqTZ]gvdr«dnZbu`X`_Z df
l
`<qwuqncuev`,X[ZqTZ]`<X< 
² ughXgxXXZ]qTZ]`<sd
l
^FqnehevW«qX+dfehevdTXﬃ8
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instrAtP(p1, Ipush n, p2) m
]
p1
= (s]p1 , l
]
p1
)
m
]
p2 w
(
(const n) :: s]p1 , l
]
p1
)
instrAtP(p1, If
X
icmplt p, p2) m
]
p1
= (e2 :: e1 :: s
]
p1
, l]p1)
m
]
p w
(
s
]
p1 , Je1 < e2K
]
test(l
]
p1)
)
instrAtP(p1, If
X
icmplt p, p2) m
]
p1
= (e2 :: e1 :: s
]
p1
, l]p1)
m
]
p2 w
(
s
]
p1 , Je1 ≥ e2K
]
test(l
]
p1)
)
ghfj
l
`£} 8 AdfruXZ
l
qnghr3Zf`_ru`
l
qTZbghdfr
l
juev`1X£`#µUqf^:Łuev`1X]
A»
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&89
P
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gen   cstr(P )
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St ∈ State]
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∀
(
m]p w fp(m
]
1, . . . , m
]
n)
)
∈ gen   cstr(P ), Stp w fp(St)
9 +&8 
JP K ⊆ γP (St).
4   #ﬂ 
 % .
   2"ﬃ 
 &   ﬃ &
² u`£Ł
l
dPdfdf
w_d
l]l
`1w§Zbru`<X]XAdfNqaŁ
l
dPdfwU`1w­f`
l
dcYZ]qfgvru`<s
l
d^%qFw_`
l
Zbgv¥u`<s&qnrtqnehWPXbgxX gvehe!qfX]w#`
l
Zqnghr
Z]uqTZ,Z]U`FwU`<w­`
l
ghX,w_qfŁuqncuev`:dn+f`
l
gvW3ghrUZbuqnZqLŁ
l
df
l
qf^ qfsYU`
l
`1XZ]d¼qLgv`_r¢Xb`<w_j
l
gªZ[W¼ŁJdfehghw_Wf 
² ughX Xb`<w#j
l
gvZ[WFŁtdevgxw#WFghehetZ]PjuX uq|f`pZbd:ct`,ghr3Zb`_
l
qnZb`1sFgªZ]LZ]U`£qncuXZ
l
qfw#ZAghr3Zb`
l
Ł
l
`#ZqTZbghdfr! 

rdfj
l
Xb`#ZbZbghrUuÂY+`XbŁUevgvZ ZbU`qfcuXZ
l
qfw§ZX]qT`_Z[W«Ł
l
dfŁJ`
l
Z[WFgvr3Zbd«Xb`_`
l
qneJevdYw<qne?Zb`1X[ZXdnZbU`,d
l
^
(p, check) ∈ Ctrl× (Mem] → bool).
Aqfw
check
ghXqTZbZ]qwU`<sZ]dq«XbŁt`1w#gv¥tw)w_dfr3Z
l
dfe!Łtdgvr3Z
p
qnrus&`<ruXbj
l
`1XZ]uqTZrUdL`
lbl
d
l
XZ]qnZb`)w<qnr¶cJ`
l
`<qwU`<s¢cPW°q¶dfrU`_³´XZb`<Ł¢Z
l
qfruXbgªZ]gvdr°djYZ)df+Z]U`LXZ]qnZb`LqnZw#drZ
l
deNŁJdfghrZ
p
  Ud
l
`#µUqn^aŁUeh`fÂghr®ZbU`
w<qfXb`£dnNq
l]l
q|W«ctdjUrusUXwU`<w­PghrUaZbughX^a`<qnrtXZbtqTZd
l
`<qw¼w#dfr3Z
l
dezŁtdgvr3Z
p
gªZ]¶qnr¼ghruXZ
l
juw§Z]gvdr
Iaload
ÂUA`£wU`1w­FZbtqTZZbu`qncuXZ
l
qfw#Z+^a`_^ad
l
W
m]
qnZZ]qwU`<sLZbd:Z]UghXŁtdgvr3Zf`
l
gv¥u`1X
∀ (h, (num i) :: (ref ref ) :: s, l) ∈ γ(m]),
h(ref ) = a ⇒ 0 ≤ i < a.length
² u`,w_d
l]l
`1XŁJdfrtsYgvru
checkIaload
juruw§Z]gvdr¼ghX U`<ruw#`£df!Z]U`,d
l
^
checkIaload
(
ei :: eref :: s
], l]
)
=
J<K↓]comp (JeiK↑expr (l
]), [0, 0]) = ⊥Val
&&
J≥K↓]comp (JeiK↑expr (l
]), JerefK↑expr (l
]).length) = ⊥Val
;
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p`
l
`aZbU`«Zb`<XZ]Xdn ZbU`«d
l
^
JcK↓]comp (v
]
1, v
]
2) = ⊥Val
wu`<w­¼Z]uqTZ)rud¶w#dfrtw
l
`#Zb`FTqfevjU`
v1
`#Z
v2
l
`_Ł
l
`1X`<rZ]`<sLc3W
v
]
1
qfrus
v
]
2
w_qnrŁuqXbXAZbu`w#dfrtsYgªZ]gvdr
c
 AVPjuw&q
checkIaload
jUruw#ZbghdfrghXqXbXbdYw#gxqTZb`1s
Z]da`<qfw&w#dr3Z
l
dfe?Łtdgvr3ZdfqaŁ
l
df
l
qf^u`
l
`,qfr
Iaload
ghruXZ
l
juw§Z]gvdrgxX djUrus' 
² U`aUdev`FwU`1w­¼f`<rU`
l
qTZ]gvdr8gxX
l
`1qnehghXb`<s8c3W¶qjUrtw§Zbghdfr
gen
X
AbSafe
Ugxw
l
`_Zbj
l
ruX<Â'd
l
q
gv`_rŁ
l
d
l
qn^&Âq:ehghXZ dnehdYw_qfetZ]`<XZ]X< N² U`,w#d
l]l
`<w§Z]rU`<X]XAdn!Z]UgxX evdYw_qfeJZb`<XZ f`_ru`
l
qTZbghdfr^a`<qnrtXZ]uqTZ
gvzq£w#d
lbl
`<w#Z/qfŁUŁ
l
d|µYgv^FqTZ]gvdr
St
dn'q£Ł
l
df
l
qn^
P
ŁuqXbXqneheYZbU`pevdYw_qfeYZb`1X[ZXNghr
gen
X
AbSafe(P )
ZbU`<r
P
ghXpXbqn`f /² UgxXghXXZ]qnZb`1sLd
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